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MepiAnyn: Zmv epyacio avt averdetor to TpoBAnpa g aflordynong Twv Topatnpi-
CEMV G €VOL LUKTO YPORMKO LOVTELD YPNCLLOTOLOVTOG TIG TEYVIKES TOV OTOTIOTIKOD EAEY-
YOV TOV OKPOiOV TILMV, Ol OTOIEG OTNV TEPITTOOT QT TOV UIKTOV LOVTIEA®V TOPOVCLA-
Couv 101aitepec duokohieg, kaBDG eAéyyovTal To OAMKE VIOAOITO Kol SV PTOPEL Vo, Yivel O
S OPIoUOS TOV TVYXOH®V ETOPACEDV ad TO, GOAALOTO TOV TOPATPNCEDY. AVIIHETOTI-
Ceton ko ) wepintwon katd v omoio TPokOITEL TO TPOPANLA TG EUPAVIONG AYVACTMV
CUVICTOO®MV TNG KETAPANTOTNTAG ovapopds, éva BEpa mov cuvodevel cuvilmg Ta HIKTA
povtéra. Tote, ko 6tav ot fabpoi elevBepiag eitvon pikpot, eppavifetor to mpdPANLA vTo-
Aoyopob TV Babumv ehevdeplog TOV KATAVOU®OV TOV XPTGYLOTOLOVUVTOL GTOVG TOPATAV®
OTOTIOTIKOVG EAEYYOVG.

AéEerg kKhewdrq: Miktd ypoppuikd povtéro, otatiotikol éheyyol vrobécemv, Pabuoi glev-
Beplog, EAeyyog cQUALATOV.

Abstract: In this article the problem of evaluating the observations using the techniques
of statistical testing of the residuals in a mixed linear model is analyzed. In this case, these
techniques of testing present particular difficulties, as the quantities that are tested are the
total residuals and the separation of the random effects from the errors of the observations
cannot be realized. We are also dealing with the problem of the occurrence of unknown
variance components, a topic associated usually with the mixed models. Then, and when
the degrees of freedom are low, the problem of calculating the degrees of freedom of the
distributions used in the above statistical tests arises.
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Whoever knows the ways of Nature will more easily notice her devia-
tions; and, on the other hand, whoever knows her deviations will more
accurately describe her way.

Francis Bacon, 1620

1. Introduction

In statistics and data analysis, errors, outliers and residuals are three closely related
and easily confused measures of the deviation of an observed value, of an observa-
tion or an element of statistical sample, from its "theoretical value". The error of an
observed value is the deviation of the observed value from the unobservable true
value of the observed quantity. Modern developments in the treatment of errors
include robust estimation methods and outlier detection methods. An outlier, ac-
cording to the definition of Hawkins (1980), is an observation, which deviates so
much from the other observations as to arouse suspicions that it was generated by a
different mechanism. The diagnostic tool for the detection of outliers is the proce-
dure called analysis of the residuals. The residual of an observed value is the dif-
ference between the observed value and the estimation of the true value of the ob-
served quantity. Unfortunately, the residuals are not only related to the existence of
errors in the observations, but also to the selection of a proper mathematical model
to describe the observations and generally, they are related to all hypotheses that
we are making during the analysis of the specific measurements.

Undoubtedly, the outliers have a long history. Obviously, in the words of Francis
Bacon, if anyone could identify the "problematic” observations in a data set, then
he could understand better the phenomenon that he studies. However, if one was
well aware of the phenomenon that he studies, he could easily identify observations
that are not in agreement with the other and thus he can improve the estimates and
draw more correct conclusions.

The first reference to the outliers seems to be a work of Daniel Bernoulli in 1777,
which refers to results obtained by combining more measurements than needed. In
his work Bernoulli disagrees to the rejection of a number of measurements on the
ground that they initially seem that they don’t agree with the other, a tactic that the
astronomers and geodesists of that era were following, such as Roger Joseph
Boscovich, who rejected two of the ten measurements of the polar star for the cal-
culation of the Earth's ellipsoid in 1750. It is however a curious feature in geodesy
of the late 18th century, while precision in the measurements had become an obses-
sion, no one dealt with the mathematical part of the analysis of measurement er-
rors. The older geodesists did not interpret, neither systematic or random errors,
nor the almost inevitable changes in the behavior of the instruments over the years,
although it was believed that having many repeated measurements and removing
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outliers, these errors would be limited. It was destined the great mathematical in-
novators Andrien Marie Legendre and Carl Friedrich Gauss to develop the method
of least squares in the early 19th century and begin the story of outliers’ detection

Then, during the 19th century, the first efforts for the development of criteria for
the recognition of problematic observations, based on the criterion of least squares,
were presented in a work of the American geodesist Benjamin Peirce (1852). It was
75 years after Bernoulli and 45 years after the issue of the method of least squares
and the practice of rejecting outliers continued to be common and popular in the
analysis of the observations. But the work of Peirce caused a plethora of publica-
tions, which were critical of Peirce’s criterion for the detection of outliers, but also
new criteria appeared. We mention as most important work of Gould (1855), Airy
(1856), Wintlock (1856), Chauvenet (1866), Stone (1868), Glaisher (1873, 1874),
Edgeworth (1887) and Saunders (1903).

From these articles we distinguish the one of the English geodesist and astronomer
George Biddell Airy (1856), who rejected Peirce’s criterion, motivated by a scale
error in the dimensions of Britain reference ellipsoid, probably caused by retention
only of "observations that are in greater agreement between them™. Airy argued
that, although some observations seem to be outliers, all must be considered and
none observation should not be refused if a convincing reason to be able to support
the argument that some unusual causes of errors have influenced it, does not exist.
Like Bernoulli, he believed that the average of all observations should be taken in
order to be exploited all of them with the same weight, as all of them contain valid
information. Realizing that the philosophy of doesn’t be rejected an observation,
matter how big is his difference from the average, in contrast to common sense
analysis of the overall behavior of the errors, he didn’t reject the observation, but
the assumption of normal distribution of errors. Some years before Airy, the Ger-
man geodesists Bessel and Baeuer (1838) also reported that all observations must
be taken into account with the same weight in the calculations and they didn’t re-
ject an outlier in the work of connecting the Prussian national network with the
Russian one.

Despite efforts to find a criterion for detect and rejection of suspect observations, it
had to come in 1960 to be searched the solution in the implementation of the
checking the general hypothesis. The precursor of this important chapter of modern
statistical analysis, was an article of Karl Pearson (1900). By comparing the ob-
served values by those provided by incidence rates for, Pearson calculated a statis-
tical criterion that follows the same distribution regardless of the type of used data.
He could summarize the probability distributions of this statistical criterion at one
distribution and use the same tables for each control. This distribution belonged to
a group of oblique distributions that had already been defined in 1876 by the Ger-
man geodesist Friedrich Robert Helmert (1876) using the Greek letter “y”, as Chi
Square Distribution. The test has a single parameter, which called degrees of free-
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dom by Ronald Fisher in a paper of 1922, a term used ever since in data analysis to
define the available redundant information.

In 1908 William Sealy Gosset introduced the t-distribution for small samples and
published his work under the pseudonym "student" while respecting the great
teachers of statistic and the criterion t is called since then "student criterion”. The
term “studentized residuals” was given in honor of this great and modest statisti-
cian, because the idea of the division of the residual to its estimated standard devia-
tion is central in the logic of his test.

The most significant work of Ronald Aylmer Fisher (1918) is considered as a mile-
stone in the history of statistics and outliers. Fisher introduced the technique of
analysis of variance for the test and separation of "significant" results from random
errors. The terms variance and analysis of variance were used for the first time in
this work. He also raised the matter of the estimation of the components of the ref-
erence variance, which the Fisher named components of variation. In a next article
(1924), he presented the chi-square Pearson’s test and t-test of William Gosset in
the same frame with the normal distribution and the analysis of variance, using the
more general distribution, used by then as F-distribution.

Subsequently, Pole Jerzy Neyman developed the idea of the estimation of the con-
fidence interval and its application on the hypothesis testing and formulated the test
of the null hypothesis, in collaboration with Karl Pearson's son, Egon. In develop-
ing their theory, Neyman and Egon Pearson recognized the need for the formula-
tion of an alternative hypothesis, and they defined the possible erroneous decisions
in checking the null hypothesis. They called first type error the error of rejection of
a true hypothesis and second type error the error of the acceptance of a false hy-
pothesis. They paid attention to the possibility of rejection of a hypothesis when it
is false. They called this possibility power of test and proposed the term critical
region to denote a set of sample statistical values that lead to rejection of the hy-
pothesis being tested. The "area" of the critical region, which they called level of
significance, is the probability for the first-type error. On the problem of rejecting
outliers perhaps the most important work until that age is the article of Egon Pear-
son and Chandra Sekar (1936)*.

Hypothesis testing and analysis of residuals has been introduced to geodesy by the
pioneering work of W. Baarda (1968) for the case of the linear model with only
deterministic parameters and was later extended by Pope (1976) for the case that
the accuracy of the observations is a-priori unknown. During the 80s and 90s, inte-
grated geodesy involves also stochastic parameters and therefore relates to the

1. Harter (1978) gives an extensive history of the development of the method of least squares and
statistical tests, which refers widely to the issue of outliers’ detection and rejection. Analysis and
discussion of methods for identifying and rejecting outliers until recent times is made by Beck-
man and Cook (1983), while a full report in the literature until 1933 has be made by Rider (1933).
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mixed linear model or least squares collocation in geodetic terminology. The prob-
lem of hypothesis testing in relation to the integrated geodesy has been studied by
Dermanis and Rossikopoulos (1997), in relation to the least squares collocation by
Wei (1987), Krakiwsky and Biacs (1990) and in relation to the mixed or random
effects linear model by Schaffrin (1987, 1988) and Bock and Schaffrin (1988). The
outlier detection procedures can be applied to the error in variable models and total
least squares problems seen as mixed linear models, as proposed by Amiri-
Simkooei and Jazaeri (2013).

In recent years due to the development of computers and modern forms of geodetic
observations, the study of the residuals and outliers has received particular signifi-
cance under the analysis of data. This is so because a wrong observation can affect
significantly the analysis of the observations and may lead to inaccurate results.
However, in some cases the outliers are of particular interest as they may not be
due to wrong observations and their analysis can lead to new knowledge or discov-
eries. In this paper the problem of implementation of the test of the general hypoth-
esis to the residuals of the observation is analyzed, in order to identify systematic
effects and blunders in analysis with linear mixed model.

2. The mixed linear model

Saying linear mixed model in statistics we mean a linear system of equations con-
taining as unknowns fixed effects (or deterministic parameters) and random effects
(or stochastic, or random parameters). The random parameters are considered to be
normally distributed with zero expectation. These models constitute a generaliza-
tion of the variance analysis, the principal components analysis and the linear re-
gression methods. They are useful in a wide range of scientific disciplines, in all
sciences that are based on observation and measurement or that require methods for
evaluation of the measurement uncertainties, such as physics, biology, pharmaceu-
tical, economic and medical sciences in general, in the calibration of instruments
and measuring systems, in creating intervals of tolerance in industrial applications
and general on laboratory comparisons in metrology, in analyzing spatial data,
classified and categorized data, as well as data from temporal and repeated meas-
urements, as for example in geodetic science.

The mixed linear model has the form
y=XB+Zu+eg @

where y is the nx1 vector of the observations, B the r x1 vector of fixed effects,
u the gx1 vector of random effects (E{u} =0) which is accompanied by the co-
variance matrix K and & the nx1 vector of random errors (E{e}=0) which is
accompanied by the covariance coefficient matrix Q. The nxr matrix X and the
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nxqg matrix Z are the known matrices of coefficients of unknown parameters.
If we call v=2Zu+¢ the stochastic part of the observation equations, or else the

nx1l vector of marginal residuals, the matrix of their covariances is
M=ZK Z" +Q and the system of the above equation is written

y=XB+Vv 2

The Best Linear Unbiased Estimation BLUE of the deterministic parameters B is
given by the relationship

B=(X"MX)X"M1y (3)

which, if we assume that the stochastic variables u; and the errors & follow the
normal distribution, is the same as the minimum square criterion

VIMYv=u"K?u+&"Q e =min. 4)

The Best Linear Unbiased Prediction BLUP of the random (or stochastic) parame-
ters u follows that it is

0= KZTM10 = KZT (ZKZ T +Q)*(y - XP) ©)
= (ZTQ1Z+K1)1ZTQ(y — XB)

as easily demonstrated that KZ™(ZKZ" +Q)*=(Z"Q'Zz+K™)?*Z"Q?, while
the best linear unbiased prediction of the observational errors of the is

§=QMW=Q (ZKZT+Q)(y-XB)=y-XB-Z 0 (6)
From the above relations it also follows that
V=(KZT+Q)M(y—XB)=Z0+% 7)

The covariance coefficients matrices of the estimated parameters B, G and &, are
given by the relations

Q;=(X'M"X) " =[(X'Q"X) - (X'Q"Z)(Z'Q"Z+K ) (Z'Q'X)] "
Q=K ZTM*(M-X(X"M'X)'X")yM'Z K =

=KZ'W_ ZK=KW,, K=

=(ZTQ'Z+K ) I+ (ZTQ’lx)Q,;(XTQ’lz) (Z'Q7'Z+K™)™]
Q4 =—Q;(X' Q') (ZTQ*Z+KH)™ 8

and
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Q: =QM*(M-X (X'MX)*X") M*'Q=QW, Q

where W, =Z"W,_ Z and the matrix W, is defined from the relation
V=MW, v and is given for the GLM (y = XBp+V, VM v = min.) as

W, =M1 - MIX(X"TM X)X M 9)

In linear mixed models, apart from the estimation of unknown parameters B, the
components of the reference variances of the covariance matrices Q and K also
play an important role. By applying methods of estimating the variance compo-
nents, the contribution of each random effect to the variance of each observation as
well as its significance is estimated. This process is particularly important and fun-
damental in the analysis of mixed models, as one can determine where he should
focus his attention in order to correctly describe the behavior of the random param-
eters and to correctly select the weight matrix of the observation values.

A useful application of the statistical tests is the detection of one or more y; obser-
vations that do not follow the model and whose removal will lead to a more suc-
cessful adaptation of it to the other parameters. In general, total residuals v; or er-
rors &; are often used to evaluate the validity of the assumptions about the statisti-
cal and mathematical models and can also be used as tools to identify possible out-
liers or more generally to identify effects that require more attention.

3. Residual analysis in mixed linear models

To detect "problematic observations", those that may have to be removed from the
calculations because they contain outliers, we separate three types of residuals that
can be checked for possible disturbances. These are (Nobre and Singer 2007):

a. the observational errors (conditional residuals): =y — X[3 -Z0
B. the random effects: Z{=y—Xp—&, and
v. the marginal residuals: V=y—XB=Z{+&.

Testing for outliers is an application of the test of the general hypothesis to the sto-
chastic parameters of the linear model and results from a comparison of the esti-

mates f, ¥, ¢ and f of the initial equations (1)
y=XB+Zu+eg (10)

which in this case are the constrained equations for the zero hypothesis (y=0)
that is tested, with the extended equations

y=XB+Zu+Uy+eg (1)
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where the k x1 vector y contains the errors of observations that were not taken
into account in relation (1) and U is the nxk known matrix of their coefficients.
These equations lead to new estimates Bs, ¥y ,Vs,@s and fs. In the above equa-
tions ¢ denotes the least squares criterion and f the corresponding degrees of
freedom. Equivalently, the two previous relationships are written

y:Xﬂ+v (12)
y=XB+Uwy+vV

The first work in which this extension of the linear equations is proposed as a basis
for detecting outliers has been given by Srikantan (1961) and Ferguson (1961).

Initially, let us consider for the sake of simplicity a common reference variance &2
for all stochastic parameters according to the relation

v~(0,02(Q+ZKZ")) M v~(0,0%M) (13)
the estimate of which is calculated by the formula

L, ¢ VMU &'Qte+d’'KTQ
52-9_ _

=—= = 14
f tr{w_ M} tr{W,_ M} (14)

where f =tr{W_M} are the degrees of freedom. The total significance test
Hy:w=0 ~ H,:y=0 (15)

of the new parameters of the extended linear equations, is an application of the test
of the general hypothesis and derived from the comparison of the results of the ex-
tended equations (11) with the results of the initial equations (10). This comparison
can be derived from the results of the solution only of the extended linear equations

RSP Fk,f—k (16)

where it was considered that fs; = f —k, or may result from the comparison of the
two solutions

A — 2 _f. 452
F:f5(0 ¢5:f0' fao-é‘ﬁ'l:kfk (17)

~ ~ Fi (18)

where applies in any case 5(2>:\11TQ1/31\I;, while the estimates y of the new pa-
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rameters and their covariance coefficients matrix Q, result from the solution of the
initial equations y = XB+v according to the equations

Qy =(UTMQ; MU) =

=[UTM (M = X(XTM-X)1XT) M2U]< = (UTW,, U)? 19)

¥=Q, UMYV (20)
Finally, the difference in optimization criterion d¢p =@ — @, is calculated as

5p=VTM-U (UTW,_ U)TUTM1 ¥ (21)
from the results of the solution of the initial equations.
After arithmetic operations, where we considered that

ot =¢/(f -k)="f&2/(f -k) (22)
results that the test for outliers is based on the test statistic

ST A AL A £ S S B 23)

c%k  f 6%k  f-k+kFery

calculated from the initial linear equations (1), where the T/2;_, distribution could
be called a “generalized” Hotelling’s T-square distribution with degrees of freedom
k and f —k. Alternatively, it is based on the test statistic

f -k
=T?———  ~F . 24
f _ k T2 k, f—k ( )
The above alternative formulas are based on the relations

Tk2(1‘a)k — f I:ko,!ffk
’ f—k+KFZ (o,

(25)

which links the "generalized" Hotelling distribution with the F distribution.

The degrees of freedom v = f —k of the distributions of the above statistical tests
are valid if they are small and at the same time if the variance components are ne-
glected considering a common reference variance for all stochastic parameters, ac-
cording to the relation (13). If we consider that the absolute accuracy of the obser-
vations is known, or equivalently, if the degrees of freedom v =f —k are very
high, (e.g. v >100), the test takes the form

~

F=—>~FR,. o x=06p~xt (26)
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irrespective of the way of calculation of the quantity J¢ .

The test becomes more compound in the case of unknown absolute accuracy of the
stochastic parameters and the simultaneous acceptance of the model of the variance
components. In this case, the degrees of freedom v depend on the structure of the
stochastic model of random parameters and on the way that the variance compo-
nents are calculated. Their calculation is usually approximated by numerical analy-
sis methods. In this case, a method of calculating the degrees of freedom for the
test of general hypothesis is given by Satterthwaite (1946), Giesbrecht and Burns
(1985) and Fai and Cornelius (1996). First, let's see the application of the above to
the test of a single observation, assuming that all other observations are correct,
without errors. The technigque of applying the test for outlier detection to a single
observation is known in the geodetic literature as “data snooping” (Baarda, 1968)2.

In the case of testing a single observation, e.g. of y;, the extended equations are of
the form

y=XB+Zu+ey; +¢ 27)
or equivalently, the initial and the extended system of linear equations are written

y=XB+v
- (28)
y=XB+ey+v

where ; is the error of the y; observation, which was ignored in previous
calculations of the initial equations and e; is the i column of the matrix I,.
According to the above, this comparison can be derived from the results of the
solution of the initial system of linear equations (2) or (9) only, or it can result from
solving the extended equations (27) only, or by comparing the results of the
solutions of the two systems. We will deal with the first case only, the application
of statistical tests to the results of the solution of the initial equations.

In this case and when the marginal residuals v of the initial equations y =X+ v
are testing, the modified residuals are calculated (Dermanis, 1987)

E=M1¥ (29)
where V=Z0+&=MW, v and W, = M -MX(X"M*X)*X"M™,

From the above relation, if the law of variance-covariance propagation is applied,
the coefficient matrix of variances and covariances of quantities & results

2. The term data snooping appears in the statistical literature before Baarda (1968). It is an individu-
al statistical process in the more general procedure of data analysis called Data-Dredging: Snoop-
ing is the process of testing from the data all of a predesignated (though possibly infinite) set of
hypotheses (Selvin ans Stuart, 1966).
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Q; =MQ; M1=M%(M-X(XTMX)1X") Mt =W, (30)

where Q; = M —X(XTM-1X)-1XT. According to the equations (19) and (20), it
follows that

s __&

i = d S =1/9%(y) =[Q.Ji =[W.. T 31
fiti, M QT EYEE) =0 =] (31)

The test of the y; observation is therefore based on the studentized error

A

n=— o 6 =W, )y (32)
O-(é:i)

which follows the 7, (tau) distribution with v degrees of freedom. The tau distri-

bution was devised by W. R. Thompson (1935) and became known in the geodetic
literature by A. J. Pope (1976), who formulated the above-mentioned form of sta-
tistical test.

Regarding the degrees of freedom v of the above distribution, they are calculated
as the case may be, according to the following:

a. For very high degrees of freedom (e.g. f >100) or for known accuracy of ob-
servations, it can be assumed that v — oo and the tau distribution is identical to
the standard normal distribution N(0,1). The test has been given in this form in
the pioneering work of Baarda (1968) with title “a testing procedure in use in
geodetic networks”, who used the term "data snooping” for the technique with
which the test is applied.

b. For low degrees of freedom f and for a common variance of unit weight o2
according to the relationship (13), they are given as v=f (Pope 1976, Kok
1984).

c. For low degrees of freedom f and the more complex case of the unknown var-
iance components, the degrees of freedom v =v; results, in a very good ap-
proximation, that are (Satterthwaite, 1946, Giesbrecht and Burns, 1985)

25} 25¢
Vi ~2Y  52(52
Var(cz) o?*(of)

(33)

where 62=6%(&) is the variance of the modified residual & and
6%(62)=Var(62) the variance of the variance 62, is being calculated by apply-
ing the low of variance propagation for the estimation of the relationships of
variance components.®

3. For example, in testing the difference between the mean of two samples, of different and un-
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The values of tau distribution relate to the values of t distribution through the rela-
tion

v (te2): | v R,
v-1+@te2)? \v-1+R2,

13/2:

(34)

Reversing this relation, results in

al2 — ra v-1
tv—lz_z—v/2 v—(r“,”’z)z (35)

from which the alternative form of control arises

Ti= &(gél) ) ti = Ti] VV—_TTZ - tv—l (36)

This statistical test has been given in this form by Beckman and Trussell (1974),
Weisberg (1980) and in Greek literature by Dermanis (1987). The quantity z; is
called internal studentized error, while the t; external studentized error, because it
can also arise from the relationship

R T (37)
on (&) o i

<n

where the modified residual & and its variance 55}(5) results as a prediction
from the solution of the initial linear mixed model y i, =X_Bc i + Vi), 1.
without the contribution of observation vy, . If we write the matrix M in the form

~ 1.
M= Moo Mool 8o | 2 Men Mo {Vg)} (38)
mey M & Meiy M v

where V, = y; — xin}(,i) , then the relations apply

& =My, 5(24)(5) = m;? 5(24)(\70 =m;?2 5.(24) a3
Vi =Y =XI Biy =My MtV =V —mi; MV
5(24) (Vi) = 6'(2—i) of = 5'(2_i) m;2 (m;; — g7 XLy M) X)) 7o) (39)

known accuracy of their values, the degrees of freedom of t-distribution become according to the
formula of Satterthwaite v=(s2/n, +s3/n,)/ [sf /n2(n, —1) +s2/nZ(n, —1)]-
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and
My; = m; -myMEymey, 9=X; - miy My X (40)

For uncorrelated observations the external studentized error becomes*

ti = -~ tv_]_ (41)

where V;, =y, — X/ ﬁ(,i) is the prediction of error, and
5'(2—i) )= G&i Uf = o (Mt —ma2 xT (X7 M%) Xziy)™xi) (42)

its variance.

Where a set of observations is tested (the set with index 2, y, =X, B+v,), af-
fected each of them by a simple error y;, with respect to the other observations

that are considered to be unmistakable, without errors (to set index 1,
y, =X, B+ V,), the test can be done either by the results of the simultaneous anal-

ysis of the observations of the two sets, or by the results of the analysis of the first
set of observations and applying prediction methods for calculating the errors and
their covariance matrix of the second set. The two methods are equivalent to each
other, as in the case of one suspicious observation discussed above. The extended
system of linear equations is written

m ZK} B+m Ve +m 43)

where the vector , contains the errors y; of observations of the set (2), and cor-
responding to the above the following quantities are calculated

Q, = (W', = Wa, (44)

where the matrix W, = [W,],, is a submatrix of the inverse W' which corre-
sponds to the observations of the set (2)

v, = Qy [MV], (45)
and

A

o=V Q) ¥==£; Q, &, =E;[W,'1,,&, (46)

4. As it was proven by Beckman and Trussell (1974) and Cook and Weisberg (1982), for the case of
uncorrelated observations.
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where f;z =[M-V], are the modified total residuals of the observations being test-
ed, or alternatively if the operations will be done

&, =My — M, Mid Mp,) 1 (V, = M[, Mg Vy) (47)
where M,;, M,,, M,, are submatrices of M.

In the first case, based on the simultaneous analysis of the observations of both
sets, the modified total residuals ?,2 are calculated and the test is based on the rela-
tions:

a. For a very large number of degrees of freedom (e.g. f >100) or, for known
accuracy

2= Wy &, ~ 12 (48)

b. For low degrees of freedom and an unknown reference variance, common for
all stochastic parameters

ot P
2_§2W22‘t=2 2
12520222 g2

A2 Nz, TNy
nZO'

(49)

where Tr122’,<_r]2 is the “generalized” Hotelling distribution, which is a generaliza-
tion of the t distribution in the analysis of many variables, or alternatively

T2=§-I2—W£21-§2 , F:T2 f_nZ "'F ‘ (50)
n, 2 f-n, T2 ™%
c. For low degrees of freedom and the more complicated case of the unknown var-
iance components

o BWEHE o

v (51)
n,

where the matrix W, results from the iterations in the course of estimating the
unknown variance components, or alternatively

Tzzggwizlgz E -T2 v

n, (v+ny)—-n, T?

Fo, v (52)

The above v degrees of freedom of the F, , distribution are calculated by the
equations (Fai and Cornelius, 1996)
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2E A
v E-= g 53
Zl‘,vi_z [vi>2] (53)

where v; denotes the degrees of freedom for each i observation from the set of n,
being tested, calculated according to formula (33) and the coefficient ¢}y, indi-
cates that only the terms v; >2 are summed.

For the second case, assuming that we want to test the second set of observations

from the solution of the first set, the test is based on the alternative form of the sta-
tistic
%;Q:lgz
F= {2 - Fnz,f—nz (54)
N, o1

where EZ = Ez(l’ is the prediction of the modified residuals of the second set of ob-
servations

z @ T -1 1,1 T -1 4 -1/~ T -1
2() =My, =M, My My,) (Vg) -M, My; V1):M22(V§) -Mj, My V)

(55)
where M,, =M,, — M, M;; M,, and
Q: = Mz [My, -G (X M X)) *G"IM3} (56)
their covariance coefficient matrix, and
G =X, -M[Mii X, (57)

From the analysis of the first set of observations, the estimates fi(l) of the unknown
parameters and the coefficient matrix Q F of their covariances are given by

BO = (XT Mt X0)*X] M} vy (58)

Q; =(X] My X)) (59)
as well as the prediction of the total residuals of the second set

v =y, - X, ﬁ(l) (60)
where My;, M,,, M,, are the submatrices of M.

It is easy to prove that E;Qg'éz =V;Q;'V,, where
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62 = v%” - MIZ Ml_ll \71 (61)
and
Q\; =M22 _G(XIMﬂlxl)ilGT (62)

If the two sets of observations (1) and (2) are uncorrelated with each other, then
M, =0, My, =My, and

T_/2 = Vgl) and Q:=M,, - Xz(XIMHXl)_lxl (63)

It is proved (Dermanis and Rossikopoulos, 1991) that this statistical test is
equivalent to the test of so-called stochastic linear hypotheses, an idea introduced
by Schaffrin (1987). This is also exactly one of statistics derived by Wei (1987) for
the simpler case of “group-wise collocation”

Yy, =X B+u; +¢g
Y, =X,B+U, +¢g, (64)

Large values of the test statistic F or T2 for many of the observations do not nec-
essarily indicate the presence of multiple gross errors, especially for the high quali-
ty studies. Very often, they are probably due to modeling errors on the part of the
deterministic or stochastic parameters, or in covariance model of stochastic param-
eters. Tests for multiple outliers on observations can be performed as described
above, but their interpretation as gross errors are again not possible for the usual
high quality of the observations. Such detected outliers may signify also the exist-
ence of model inconsistency between the two sets of observations, those with outli-
ers and those without.

In this case, when the compatibility of two sets of observations is being tested, the
problem is how the original data set is going to be divided into two subsets. There-
fore, the test should be applied only when a natural separation exists. This is the
case with prior information from a previous data analysis which is treated through
the device of "pseudo-observations". Another such case appears when observations
in a network are to be combined with separate gravity related observations in the
surrounding area. An example is the incorporation of independent gravity and
height information with observations in a GPS network, which is necessary for the
determination of orthometric rather than ellipsoidal heights.

4. Conclusions

It could be said that the above technique of testing could be applied exactly in the
same manner to the errors €, or to the random effects € =2Z0. But in any case,
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either the total residuals V¥, the errors &, or the stochastic parameters (0 are tested
applying the procedure described above, the significance of the new parameters

is being tested in fact, as in each case the results of the extended equations
y=XB+Uy+Zu+eg (65)
are compared in the same way with the results of the initial equations

y=XB+Zu+eg (66)

Let's see the implementation of statistical testing for the detection of outliers in the
errors €, in the general case where the observations are correlated with each other.

The modified errors & and their covariance matrix Qé are calculated
E=Q'&=Q'QM*U=M"Y¥
Qg; :Q71Q§ Q71=W$ (67)

where we also took into account that € =Q M-1V. The estimates of the additional
parameters and their covariance matrix appear to be

¥=Q,UM*9=Q,U'Q'&=Q, U'¢

Qy = (UTw,_,uU)™? (68)
If we take into account that

uu™w, u)tu’ =w.! and le =W =0Q0Q:'Q
then it follows that

p=Y'Q y=E'W'E=2"Q'W;' Qe =¢"Q;'¢ (69)
In the same way the test of the random effects € =20 is based on their modified
values and their covariance matrix

E=Q.le=(ZKZ)'Z20=(ZKZ)'ZKZM1V =M1V

ch =(ZKZ")1ZQ,Z" (ZKZ")1=W,, (70)
where we have taken the relationship (7) into account, Q; =K Z™TW,,. ZK.. It is

easy to be proved that

Sp=\"Q; ¥=0"2"(2Q,z")'z0u=E"W,'§ (71)
where
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¥=Q,U(ZKZ)'Za=Q, UMV, Q, = (UTW,U)™ (72)

We have taken into account that (ZKZ")™*UQ,UT(ZKZ")'=
= (ZKZ") W2 (ZKZ) = (ZKZ'W,, ZKZ") ! = (2Q,Z") ™
The following proves to be true

Sp=9"Q; y=ETW; E=0"Q; a (73)
where we have accepted that ZT(Z2Q; Z")*Z=Q;*. We conclude in the same
quantity d¢ in any case, which turns out to be

Sp=9'Q ¥ =28'Q;'e=0TQ;'v=2eTQ;'e=0"Q;'d (74)

In these three cases, there are essentially three alternative forms of the same statis-
tical test: the significance test of the additional parameters v .

Generally, confusion appears on this issue in the international literature. For exam-
ple, if the test of a set u; of stochastic parameters based on quantity Gf [Qg'];0;
fails, then this does not necessarily indicate an unsuccessful selection of random
effects parameters or an incorrect selection of their covariance matrix, but may be
due for example to gross errors that affect an observation or to a wrong selection of
the covariance matrix for the errors €. In the same way, the possible existence of
outliers in the implementation of statistical test referred to errors &€ cannot be inter-
preted as gross errors in observations. However, one could detect outliers in sto-
chastic quantities U; by analyzing graphs of these values or of the quantities € in
terms of the sizes they describe, or by analyzing the elements of their covariance
matrix or the graphs of normalized values G; /6(u;), or one could have a picture of
the stochastic behavior of stochastic parameters by further analysis of total residu-
als v .
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